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Real forms and nite order automorphisms of
ane Ka-Moody algebras - an outline of a
new approah
Ernst Heintze
1 Introdution
The lassiation of real forms and nite order automorphisms of ane Ka-Moody al-
gebras has been ahieved by the eorts of many people. In partiular the works of F.
Levstein [L℄ and G. Rousseau and his ollaborators ([B℄, [BR℄, [R1℄, [R2℄, [R3℄, [B3R℄,
[BMR℄) have to be mentioned here, but see also [A℄, [Bat℄, [BP℄, [C℄, [JZ℄, [Kob℄ and
other papers. The lassiation probably lls some hundred pages and took about 15
years to get ompleted.
The purpose of this note is to report on a simpler, quite elementary approah whih
in addition gives more omplete results. It moreover has the advantage to work in the
smooth as well as in the algebrai ategory, that is for ane Ka-Moody algebras whih
are extensions of loop algebras onsisting of smooth resp. algebrai loops.
While the above mentioned authors always worked in the algebrai setting we are mainly
interested in the smooth ase whih is more appropriate for the purpose of geometry.
Atually our interest in these questions orginated from the study of symmetri spaes
related to ane Ka-Moody groups and hene from the lassiation of involutions of
smooth ane Ka-Moody algebras ([HPTT℄, [H℄). But it turns out that the results are
the same in both ases.
Our work started several years ago and, at in early stage, in ollaboration with Christian
Groÿ.
This is an expanded version of a talk given at the Symposium Geometry related to
the theory of integrable systems at RIMS, Kyoto, September 2007. Details will appear
elsewhere.
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2 Smooth and algebrai ane Ka-Moody algebras
Instead of working with abstrat ane Ka-Moody algebras we diretly onsider their
so alled realizations. These are ertain two dimensional extensions of (twisted) loop
algebras as follows.
Let g be a simple Lie algebra over the eld F = R or C and assume g in addition to be
ompat if F = R. Let σ ∈ Aut(g) be an arbitrary automorphism, not neessarily of nite
order. Then we all
L(g, σ) := {u : R→ g | u(t+ 2π) = σu(t), u ∈ C∞}
a (twisted) loop algebra, L(g) := L(g, id) beeing the untwisted loop algebra. L(g, σ) is a
Lie algebra w.r.t the pointwise braket [u, v]0(t) := [u(t), v(t)]. If σ has nite order, say
σl = id, then the u ∈ L(g, σ) satisfy u(t+ 2πl) = u(t) and are thus indeed loops. Usually
one hanges the parameter in this ase by the fator l, i.e. replaes u(t) by u˜(t) := u(lt),
and embeds L(g, σ) in this way into L(g). But this has the slight disadvantage to depend
on l (whih not neessarily needs to be the order of σ but ould be any multiple of it).
Moreover suh an embedding does not exist if σ has innite order. But we will see later
that any L(g, σ) is isomorphi to a twisted loop algebra L(g, σ˜) with σ˜ of nite order.
One may weaken the dierentiability ondition and onsider loops of Sobolev lassHk, k ≥
1. Everything in the following works equally well. But this is not so lear for the smallest
loop algebra Lalg(g, σ), whih is usually onsidered in algebra. This onsists of the so
alled algebrai loops whih are by denition nite Laurent series of the form
u(t) =
∑
q∈Q
uqe
iqt
with uq ∈ g (resp. gC if F = R, where gC denotes the omplexiation of g). The
periodiity ondition u(t+2π) = σu(t) requires uq to lie in the subalgebra {x ∈ g | σ
kx = x
for some k ∈ N} on whih σ has nite order. In order to ensure surjetivity of the
evaluation map u 7→ u(t) one is hene fored to assume σ to be of nite order in the
algebrai ase. If σl = id then periodiity implies that u(t) is atually of the form
u(t) =
∑
|n|≤N
une
int/l .
Therefore we let
Lalg(g, σ) = {u ∈ L(g, σ) | u(t) =
∑
|n|≤N
une
int/l, N ∈ N, un ∈ g(C)}.
The denition does not depend on l, one only has to assume σl = id. The same remark as
above applies here: by hanging the parameter by a fator l one might embed Lalg(g, σ)
into Lalg(g) := Lalg(g, id) and this is usually done. But for our purposes the above
denition is more onvinient.
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So far we have only onsidered the loop algebras. The ane Ka-Moody algebra is the
following 2-dimensional extension
Lˆ(g, σ) = L(g, c) + Fc+ Fd
with
[u, v] = [u, v]0 + (u
′, v) · c
[d, u] = u′
[c, x] = 0
for all u, v,∈ L(g, σ) and x ∈ Lˆ(g, σ) where (u, v) =
2π∫
0
(u(t), v(t))0dt. Here (, )0 denotes
the Killing form of g and u′ the derivative of u.
One easily heks that Lˆ(g, σ) is a Lie algebra. The onstrution ould have been done
in two steps by introduing L˜(g, σ) := L(g, σ) + Fc rst, with brakets as above. This is
a one-dimensional entral extension of L(g, σ) dened by the oyle ω(u, v) := (u′, v).
Lˆ(g, σ) is then a semidiret produt of L˜(g, σ) with F.
The derived algebra and the enter of Lˆ(g, σ) are L˜(g, σ) and Fc, respetively. L(g, σ)
is not a subalgebra of Lˆ(g, σ) but rather isomorphi to the quotient Lˆ(g, σ)′/Fc of the
derived algebra by its enter.
The extension of Lalg(g, σ) to Lˆalg(g, σ) is dened in the same way and the above remarks
also apply in this ase. In the following we merely onsider Lˆ(g, σ) and L(g, σ) and ome
bak to the algebrai ase only in the last setion.
3 Isomorphisms between ane Ka-Moody algebras
An important step in our approah is the desription of isomorphisms between ane
Ka-Moody algebras. They turn out to have a partiularly simple form.
Any isomorphism ϕˆ : Lˆ(g, σ) → Lˆ(g˜, σ˜) indues an isomorphism ϕ : L(g, σ) → L(g˜, σ˜)
between the loop algebras. Therefore we begin by studying these rst. Simple examples
of isomorphisms ϕ : L(g, σ)→ L(g˜, σ˜) are given by
ϕu(t) = ϕt(u(λ(t)))
where λ : R → R is a dieomorphism and t 7→ ϕt : g → g˜ is a smooth urve of
isomorphisms. In order that ϕu (and similarly ϕ−1u) satises the periodiity ondition
ϕu(t+ 2π) = σ˜ϕu(t) for all t we only have to require
(1) λ(t+ 2π) = λ(t) + ǫ2π
(2) ϕt+2π = σ˜ϕtσ
−ǫ
for some ǫ ∈ {±1}. Condition (1) means that λ overs a dieomorphism λ¯ of the irle
and ǫ = 1 (resp. −1) if λ¯ and hene λ are orientation preserving (reversing).
We all suh isomorphisms standard and to be of rst (seond) kind if ǫ = 1(ǫ = −1).
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Theorem 3.1 Any isomorphism ϕ : L(g, σ)→ L(g˜, σ˜) is standard.
The theorem redues questions about automorphisms of nite order immediately to nite
dimensions. It also shows that g and g˜ have to be isomorphi. Therefore we will assume
g˜ = g from now on. But σ and σ˜ an be dierent. The periodiity ondition (2) gives the
only restrition
σ˜ = ϕt+2πσ
ǫϕt
implying that [σ˜] and [σ] are onjugate in Autg/Intg. Note that Autg/Intg is isomorphi
to the symmetry group of the Dynkin diagram and thus isomorphi to either 1,Z2 or
S3(the symmetri group in three letters) and that hene eah element is onjugate to its
inverse. Moreover the onjugay lass of [σ] is determined by its order, whih an be 1, 2
or 3.
Conversely if [σ] and [σ˜] are onjugate it is easy to nd a smooth urve ϕt of automorphism
satisfying (2). We thus have:
Corollary 3.2 L(g, σ) and L(g, σ˜) are isomorphi if and only if [σ] and [σ˜] are onjugate
in Autg/Intg. In partiular any twisted loop algebra is isomorphi to one with σ of nite
order.
Remark 3.3 In onnetion with real forms (setion 5) it is interesting to note that Corol-
lary 3.2 also holds in ase g a real non ompat simple Lie algebra (by the same proof).
But in this ase Autg/Intg ∼= 1,Z2,Z2 × Z2,D4 (the dihedral group) or S4. Hene the
order of [σ] in Autg/Intg is not enough in this ase to distinguish onjugay lasses.
The proof of Theorem 3.1 onsists of several steps. For simpliity let us assume σ = σ˜ = id
and F = C. We then an dene ϕt by ϕt(x) = ϕ(xˆ)(t) for all x ∈ g where xˆ denotes the
onstant loop xˆ(t) ≡ x. Now, the main point is to prove the existene of a funtion
λ : R→ R with
(3) ϕ(f · u) = (f ◦ λ) · ϕ(u)
for all u ∈ L(g) and smooth 2π-periodi f : R → R. In fat, if x1, . . . , xn is a basis of g
and u(t) = Σfi(t)xi, we then get ϕ(u)(t) = Σfi(λ(t))ϕt(xi) = ϕt(u(λ(t))) as desired. To
prove (3) we rst show that for any xed u, f and t, a := ϕ(fu)(t) and b := ϕu(t) are
linearly dependent. This follows by observing
ad a ad x1 . . . ad xk ad b = ad b ad x1 . . . ad xk ad a
for all xi ∈ g˜ and k ∈ N and then applying a lassial theorem of Burnside to obtain
ad a A ad b = ad b A ad a for all A ∈ Endg˜. We next show ϕ(fu)(t) = α(f) · ϕu(t) for
all u and f but t still xed for some algebra homomorphism α from the set of 2π-periodi
smooth funtions to C. In the last step we prove α(f) = f(t∗) for some t∗ ∈ R and set
λ(t) := t∗.
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We nally onsider isomorphism ϕˆ : Lˆ(g, σ) → Lˆ(g, σ˜) between ane Ka-Moody alge-
bras. Sine they preserve the enter and the derived algebra they are neessarily of the
form
ϕˆ = µ1c
(4) ϕˆd = µ2d+ uϕ + νϕc
ϕˆu = ϕu+ α(u) · c
where µ1, µ2, νϕ ∈ F are onstants, uϕ ∈ L(g, σ˜), α : L(g, σ) → F is lineare and ϕ is
the indued isomorphism between the loop algebras. From Theorem 1 we have ϕu(t) =
(u(λ(t))) where ϕt ∈ Autg and λ : R→ R is a dieomorphism with λ(t+2π) = λ(t)+ ǫ2π
and ǫ ∈ {±1}. We all ϕˆ and ϕ to be of the rst (seond) kind if ϕ is of the rst (seond)
kind, i.e. if ǫ = 1 (resp. ǫ = −1).
Theorem 3.4 If ϕ is indued from ϕˆ then λ is linear, i.e. ϕu(t) = ϕt(u(ǫt+t0)) for some
ǫ ∈ {±1}, t0 ∈ R. Conversely, any suh isomorphism ϕ is indued by an isomorphisms ϕˆ
between the ane Ka-Moody algebras and this is essentially unique (up to the hoie of
νϕ in (4), whih an be arbitrary).
More preisely if ϕu(t) = ϕt(u(ǫt + t0)) then the ϕˆ extending ϕ are preisely the ones
satisfying µ1 = µ2 = ǫ, aduϕ = −ǫϕ
′
tϕ
−1
t and α(u) = −ǫ(ϕu, uϕ) in (4).
Corollary 3.5 There is a bijetion between automorphisms of nite order of Lˆ(g, σ) and
L(g, σ).
In fat, if ϕˆ has nite order then the indued ϕ has nite order. Conversely if ϕ has
nite order then there is preisely one ϕˆ of nite order extending ϕ namely the one with
νϕ = −
ǫ‖uϕ‖2
2
. The reason for this is that AutLˆ(g, σ) splits as {ϕˆ ∈ AutLˆ(g, σ) | νϕ =
− ǫ‖uϕ‖
2
2
} × {ϕˆ | ϕˆ = id on L(g, σ) + Fc, ϕˆd = d + νϕc for some νϕ ∈ F} and the seond
fator ontains no elements of nite order.
4 Automorphisms of nite order
From the results of the last setions it follows that lassifying onjugay lasses of au-
tomorphisms of nite order of Lˆ(g, σ) is equivalent to lassifying onjugay lasses of
automorphisms of nite order of L(g, σ) and the aim of this setion is to desribe suh a
lassiation.
Thus let ϕ : L(g, σ) → L(g, σ) be of nite order. We know that ϕ has the form ϕu(t) =
ϕt(u(λ(t))) with ϕt+2π = σϕtσ
−ǫ
and λ(t + 2π) = λ(t) + ǫ2π for some ǫ ∈ {±1}. After a
rst onjugation we may assume λ(t) = ǫt+ t0 (with t0 = 0 if ǫ = −1). This omes from
the fat that dieomorphisms of the irle of nite order (like the one indued by λ) are
onjugate to a rotation or a reetion.
Thus we assume ϕu(t) = ϕtu(ǫt+ t0). A partiularly simple ase is the one where ϕt ≡ ϕ0
is onstant and one may ask whether ϕ is always onjugate to suh an automorphism.
We have studied those automorphisms in [HPTT℄. The answer is the following.
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Theorem 4.1
(i) Not every automorphism of L(g, σ) of nite order is onjugate to one with ϕt on-
stant.
(ii) But for every ϕ ∈ Aut(L(g, σ) of nite order there exists a σ˜ ∈ Aut(g) together with
an isomorphismus ψ : L(g, σ) → L(g, σ˜) suh that ϕ˜ := ψϕψ−1 has onstant ϕ˜t,
that is ϕ˜u(t) = ϕ˜0(u(ǫt+ t0)).
We all ϕ and ϕ˜ quasionjugate in the above situation to emphasize that σ has maybe
hanged. But for automorphisms ϕ, ϕ˜ : L(g, σ) → L(g, σ) on the same loop algebra,
quasionjugate and onjugate are the same.
By the above results (quasi)onjugay lasses of automorphisms of nite order of L(g, .)
and Lˆ(g, .)) are lassied by ertain quadruples (ǫ, t0, ϕ0, σ) with ǫ ∈ {±1}, t0 ∈ R and
ϕ0, σ ∈ Autg modulo some quivalene relation. The equivalene relation of ourse reets
the fat that ertain quadruples orrespond to the same quasionjugay lass.
Although it is possible to prove Theorem 4.1 diretly we hoose a slightly dierent path
and assoiate rst to any automorophism of nite order an invariant, not only to those
with onstant ϕt. We then prove that this is indeed invariant under quasionjugations
and that it moreover distinguishes quasionjugay lasses. Finally we show that eah
possible invariant is attained, even by an automorphism with onstant ϕt. This proves
also Theorem 4.1, part (ii). Considering automorphisms of order q of the rst (ǫ = 1) and
seond kind (ǫ = −1) separately, we obtain more preisely the following results.
Theorem 4.2 Let g be a ompat or omplex simple Lie algebra as above. Then the
quasionjugay lasses of automorphisms of the rst kind of order q on the various L(g, .)
(or Lˆ(g, .)) are in bijetion with Jq1(g) := {(p, ̺, [β])/p ∈ Z, 0 ≤ p ≤ q/2, ̺ ∈ Autg from
a list of representativs of onjugay lasses of automorphisms of g of order (p, q) and
β ∈ (Autg)̺}.
Here (p, q) is the greatest ommon divisor of p and q and [β] denotes the onjugay lass
of β¯ ∈ π0((Autg)
̺) = (Autg)̺/((Autg)̺)0.
If ϕu(t) = ϕtu(t + t0) on L(g, σ) is of order q then we dene its invariant as follows.
Neessarily t0 =
p·2π
q
for some p ∈ Z and we may assume 0 ≤ p < q. Let r := (p, q), p′ :=
p/r, q′ := q/r and l, m ∈ Z with lp′ +mq′ = 1 and 0 ≤ l < q′. Then ϕq
′
u(t) = ρt(u(t))
and ϕlu(t) = Λt(u(t+
2π
q′
)) for some ρt,Λt ∈ Autg. Moreover ρt has order r and is thus of
the form ρt = αt̺α
−1
t with ̺ from a list of order q automorphisms (modulo onjugation)
and αt ∈ Autg. We let (p, ̺, [α
−1
t+2π/q′Λ
−1
t αt]) be the invariant of ϕ. It is easily heked
that this invariant does not hange if ϕ is quasionjugated by an isomorphism of the rst
kind. But p has to be replaed by p′ := q − p (p′ = 0 if p = 0) after a quasionjugation
by an isomorphism of the seond kind, whih explains the restrition 0 ≤ p ≤ q/2 in
the denition of J
q
1(g). In this way we get a mapping from quasionjugay lasses to
Jq1 (g). While injetivity of this mapping is the hard part surjetivity follows easily. In
fat, the invariant (p, ̺, [β]) may be realized as follows. Let σ := ̺lβq
′
, ϕ0 := ̺
mβ−p
′
and
ϕu(t) = ϕ0(u(t + p/q2π)) with l, m, p
′, q′ as above. Then ϕ leaves L(g, σ) invariant, is of
order q and has invariant (̺, p, [β]).
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To determine onjugay lasses of automorphisms of order q on a xed L(g, σ) we only
have to restrit the invariants to those for whih the above example is dened on a loop
algebra isomorphi to L(g, σ). By virtue of Corollary 3.2 this is equivalent to [̺lβq
′
] having
the same order as [σ] in Autg/Intg.
In the ase of involutions (q = 2) things are of ourse easier. Here p = 0 or p = 1. In the
latter ase (p, q) = 1, hene ̺ = id and these automorphisms are lassied by onjugay
lasses of Autg/Intg. They are represented by ϕu(t) = ϕ0(u(t + π)) on L(g, ϕ
−2
0 ) where
ϕ0 ∈ Autg runs through a list of representations of Autg/Intg (and may thus be hosen
to have order 1, 2 or 3). In partiular they do not our on L(g, σ) if σ2 is inner, but σ
not. In the former ase the involutions with invariant (0, ̺, [β]) may be represented by
ϕu(t) = ̺u(t) on L(g, β) where ̺ ∈ Autg runs through the onjugay lasses of involutions
and β ∈ (Autg)̺ runs through the onjugay lass of (Autg)̺/((Autg)̺)0. This last
group is known to be isomorphi to 1,Z2,Z2 × Z2,D4 or S4 where D4 and S4 denote the
dihedral and symmetri groups, respetively. Thus these involutions orrespond to nite
dimensional symmetri spaes plus a ertain extra information.
The situation for automorphisms of the seond kind is desribed in the following Theorem.
Note that their order is neessarily even.
Theorem 4.3 Let g be as above. Then the quasionjugay lasses of automorphisms of
order q of the seond kind on the various L(g, .) are in bijetion with Jq−1(g) = {(ϕ+, ϕ−) ∈
(Autg)2 | ϕ2+ = ϕ
2
−, order ϕ
2
± = q/2}/ ∼ where the equivalene relation is generated
by (ϕ+, ϕ−) ∼ (ϕ−, ϕ+) and (ϕ+, ϕ−) ∼ (αϕ+α
−1, βϕ−β
−1) for all α, β ∈ Autg with
α−1β ∈ ((Autg)ϕ
2
+)0.
If ϕ ∈ AutL(g, σ) has order q and is already of the form ϕu(t) = ϕt(u(−t)) then ϕtϕ−t has
order q/2 and there exists αt with ϕtϕ−t = αtϕ
2
0α
−1
t . The periodiity ondition ϕt+2π =
σϕtσ implies (ϕπσ
−1)2 = ϕπϕ−π. Hene ϕ+ := α
−1
0 ϕ0α0 and ϕ− := α
−1
π ϕπσ
−1απ have
order q/2 and satisfy ϕ2+ = ϕ
2
−. We thus an dene [ϕ+, ϕ−] to be the invariant of ϕ and
hene get a mapping from the quasionjugay lasses to Jq−1(g). Again, surjetivity follows
easily. In fat, the equivalene lass [ϕ+, ϕ−] may be represented by the automorphismus
ϕ on L(g, σ) with ϕu(t) := ϕ+u(−t) and σ := ϕ
−1
− ϕ+. (Note that ϕ+ = σϕ+σ and hene
ϕ satises the periodiity ondition).
Let us again look at the speial ase of involutions (q = 2). Sine
J
2
−1 = {[̺+, ̺−] | ̺
2
± = id}
involutions of the seond kind orrespond essentially to pairs of ompat symmetri spaes.
More preisely if F = R and G is the ompat simply onneted Lie group with Lie algebra
g then [̺+, ̺−] gives rise to the symmetri pairs (G,K+) and (G,K−) where K± = G
̺±
(assuming here ̺± 6= id). The ation of K+ × K− on G by (k+, k−).g = k+gk
−1
− is
hyperpolar, that is admits a at setion (atually a torus) whih meets every orbit and
always orthogonally. The K+ × K− ation on G is also alled a Hermann ation and
Kollross [K℄ has shown that essentially all hyperpolar ations on G are Hermann ations.
Moreover (̺+, ̺−) and (˜̺+, ˜̺−) are equivalent by the above equivalene relation if and
only if the orresponding Hermann ations are equivalent. Thus quasionjugay lasses
of involutions of the seond kind on the ane Ka-Moody algebras Lˆ(g, .) essentially
orrespond to equivalene lasses of Hermann ations on G.
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5 Real forms and involutions
Let g be a omplex simple Lie algebra. Real forms of Lˆ(g, σ) or L(g, σ) are in bijetion with
antilinear involutions that is with involutions satisfying ϕˆ(ix) = −iϕˆ(x) (resp. ϕ(ix) =
−iϕ(x)). But antilinear automorphismus of nite order on these algebras an be treated
exatly the same way as linear ones.
In partiular we only have to study the antilinear involutions on L(g, σ) and these are like
in the linear ase of the form ϕu(t) = ϕt(u(λ(t))), but now with ϕt antilinear. Therefore
we an assoiate invariants to them as above and show that their quasionjugay lasses
are parametrized by the sets J¯
q
ǫ(g) of these invariants where q is the order of ϕ and ǫ is
either 1 or −1 depending on whether λ is orientation preserving or reversing. The real
forms orresponding to J¯
q
ǫ(g) are also alled almost ompat if ǫ = 1 and almost split if
ǫ = −1. If u ⊂ g is a ompat σ-invariant real form of g then U := L(u, σ) is a real
form of G := L(g, σ) whih is also alled a ompat real form. It is the xed point set of
ϕu(t) = ω(u(t)), ω the onjugation of g w.r.t u. Automorphisms of order q on U an be
extended to linear as well as to antilinear automorphisms on G (of order q if q is even and
2q if q is odd) and the indued mappings on the sets of invariants turn out to be bijetions.
For example in ase q = 2 one gets bijetions J21(u) ∪ J
1
1(u)↔ J¯
2
1(g), J
2
−1(g)↔ J¯
2
−1(g) and
J2ǫ(u)↔ J
2
ǫ (g). To explain these results we reall rst the nite dimensional situation.
Up to onjugation the omplex, simple Lie algebra g has preisely one ompat real form,
say u. If ̺ is an involution of u then the eigenspae deomposition u = k+ p gives rise to
the real form u∗ = k+ ip, whih is non ompat. In this way one gets a bijetion between
onjugay lass of involutions on u and onjugay lasses of non ompat real forms of
g. Moreover eah nonompat real form gR has by onstrution a Cartan deomposition,
that is a deomposition gR = k+ m into the eigenspaes of an involution suh that k+ im
is a ompat Lie algebra and it turns out that this is unique up to onjugation.
Now the above results may be summerzied as follows.
Theorem 5.1 The situation for ane Ka-Moody algebras is exatly the same as that
for nite dimensional simple Lie algebras. More preisely:
(i) Eah omplex ane Ka-Moody algebra Gˆ := Lˆ(g, σ) has a ompat real form,
e.g. Uˆ := Lˆ(u, σ), u ⊂ g a σ-invariant ompat real form, and this is unique up to
onjugation.
(ii) Conjugay lasses of non ompat real forms of Gˆ are in bijetion with onjugay
lasses of involutions of Uˆ (and Gˆ).
(iii) Eah non ompat real form of Gˆ has a Cartan deomposition and this is unique up
to onjugation.
Thus the lassiation of involutions of Lˆ(g, σ) gives also a lassiation of real forms. To
desribe this more expliitly we rst speialize our lassiation of nite order automor-
phisms to involutions.
Theorem 5.2 Up to quasionjugation the involutions on the various L(g, .) are given by
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1a) u(t) 7→ ̺(u(t)) on L(g, β)
1b) u(t) 7→ ϕ(u(t+ π)) on L(g, ϕ2)
2) u(t) 7→ ̺+(u(−t)) on L(g, ̺−̺+),
where ̺ runs through a list of onjugay lasses of involutions of g, β and ϕ represent
onjugay lasses of π0((Autg)
̺), π0(Autg) resp. and (̺+, ̺−) represent equivalene lasses
of {(̺+, ̺−) ∈ (Autg)
2/̺2± = id}/ ∼. Sine all automorphisms an be hosen to leave the
ompat real form u of g invariant, the above mappings lassify also involutions on the
various L(u, .).
The invariants of these involutions are (0, ̺, [β]), (1, id, [ϕ]) and [̺+, ̺−], respetively. The
involutions of type 1b) orrespond to the various isomorphism lasses of the L(g, σ). If
g has no outer autmorphism there exists preisely one suh involution (given by u(t) 7→
u(t+ π) on L(g)) and otherwise two unless g is of type D4 whih has threee.
Aording to Theorem 5.1 the real forms (of the various L(g, .) and up to quasionjugation)
are thus the ompat real forms L(u, .) (orresponding to J11 (u)) and the xed point sets
of ω˜ ◦ ψ where ψ is an involution from the list above. Here ω˜(u)(t) = ω(u(t)), where ω
denotes onjugation w.r.t. u. From this we obtain the following lassiation.
Theorem 5.3 The real forms of the various L(g, .) are up to quasionjugation represented
by
1a) L(gR, σ) ⊂ L(g, σ) where gR runs through all onjugay lasses of real forms of g and
σ ∈ AutgR runs through a list of representatives of onjugay lasses of π0(AutgR).
1b) {u ∈ L(u, ϕ2) | u(t + π) = ϕ(u(t))}+ i{u ∈ L(u, ϕ2) | u(t + π) = −ϕ(u(t))}, where
ϕ ∈ Autu represents a onjugay lass of π0(Autu) ∼= π0(Autg).
2) {Σune
int/l ∈ L(g, σ) | un ∈ g
ω̺+} where σ = ̺−̺+ has order l and (̺+, ̺−) repre-
sents an equivalene lass of {(̺+, ̺−) ∈ (Autg)
2 | ̺2+ = ̺
2
−}/ ∼.
The orresponding real forms of Lˆ(g, .) are obtained by adjoining Rc+Rd in ase 1a) and
1b) and R(ic) + R(id) in ase 2).
Remarks 5.4
(i) ̺± an always be hosen suh that ̺−̺+ has nite order (in fat ≤ 4), f. also
Lemma 6.2.
(ii) While the real forms in 1a) and 1b) onstitute the almost ompat ones, those in 2)
are the almost split.
(iii) Cartan deompositons an be obtained in all ases above by interseting the real
forms with urves in u and iu, respetively (assuming that gR is ω-invariant in 1a)).
For example, if one onsiders in 2) only loops Σunλ
n := Σune
int/l
whih onverge in
the whole punutred plane C∗ then the two summands of the Cartan deomposition
onsist of funtions whose restrition to the real line is ontained in gR := g
ω̺+
while
their restrition to the unit irle is ontained in u and iu, respetively (and whih
satisfy the appropriate periodiity ondition).
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To illustrate Theorem 5.3 we onsider the simplest ase g = sl(2,C). The algebra sl(2,C)
has no outer automorphisms and up to onjugation only one involution, whih may be
represented e.g. by τ = Ad
(
1
−1
)
or by µ with µA = −At. As ompat real form
we may take u = su(2). We let ω be the onjugation w.r.t. u, i.e. ωA = −A¯t. In
partiular, gωµ = sl(2,R). Then the real forms of L(sl(2,C)) are up to quasionjugation
the following.
1a) L(su(2)), L(sl(2,R)), L(sl(2,R), τ)
1b) {u ∈ L(u) | u(t+ π) = u(t)}+ i{u ∈ L(u) | u(t+ π) = −u(t)}
2) {Σune
int ∈ L(sl(2,C)) | un ∈ su(2)}, {Σune
int ∈ L(sl(2,C)) | un ∈ sl(2,R)}, and
{Σune
int/2 ∈ L(sl(2,C), µ) | un ∈ sl(2,R)}.
They orrespond to the invariants (0, id, [id]) ∈ J11(sl(2,C)), (0, µ, [id]), (0, µ, [τ ]), (1, id, [id])
∈ J21(sl(2,C)) and [id, id], [µ, µ], [µ, id] ∈ J
2
2(sl(2,C)), respetively. They are all real forms
of L(sl(2,C)) exept the third and the last one whih are real forms of a twisted loop
algebra of sl(2,C). But an isomorphism ψ : L(sl(2,C), σ) → L(sl(2,C)) is for example
given by ψu(t) = ψt(u(t)) with ψt = e
adtX
suh that ψ2π = σ
−1
and this arries the
orresponding real form into one of L(sl(2,C).
6 The algebrai ase
In ontrast to the above smooth setting all authors so far (with the exeption of [HPTT℄)
have onsidered the algebrai ase, i.e. automorphisms and real forms of Lˆalg(g, σ) and
Lalg(g, σ). This ase is more rigid and thus more subtle. For example it is muh harder
to nd and algebrai isomorphism whih onjugates two given smoothly onjugate au-
tomorphisms of Lˆalg(g, σ). But it turns out that our methods and ideas also work in this
setting when suitably rened and ombined with a result of Levstein [L℄. In fat we have:
Theorem 6.1 Conjugay lasses of nite order automorphisms and real forms of Lˆalg(g, σ)
and Lalg(g, σ) are lassied by the same invariants as in the smooth ase and are thus in
bijetion to those of Lˆ(g, σ) or L(g, σ), respetively. Moreover the nonompat real forms
of Lˆalg(g, σ) admit a Cartan deomposition and this is unique up to onjugation.
The proof follows along the same lines as above but has to be modied at several points.
To begin with, isomorphisms ϕ : Lalg(g, σ) → Lalg(g, σ˜) are not neessarily standard
(assuming F = C in the following). They are rather of the form ϕ˜ ◦ τr with ϕ˜ standard
and
τr(
∑
|n|≤N
une
int/l) =
∑
|n|≤N
unr
neint/l
for some positive r. The reason for this is that the algebra homomorphism α : C∞(S1)→
C in the proof of Theorem 3.1 is not neessarily evaluation at some point when restrited
to the algebrai funtions {
∑
|n|≤N
ane
int} but more generally of the form
∑
|n|≤N
anz
n →
10
∑
|n|∈N
anz
n
0 =
∑
|n|≤n
anr
neint
∗
. Fortunately, it turns out that these extra isomorphisms τr do
not aet the disussion of nite order automorphisms in an essential way. For example
automorphism of the rst kind of nite order are always standard and those of the seond
kind are onjugate to a standard one. Thus it is ompletely sound to work only with
standard isomorphisms. Sine these an be viewed as speial isomorphisms between the
orresponding smooth algebras we an apply the results of setion 4 and assoiate to eah
autmorphism of order q of Lalg(g, σ) an invariant and thus get a mapping I
q
ǫ from the
set Autqǫ(Lalg(g, .))/Aut(Lalg(g, .)) of quasionugay lasses of suh automorphisms on the
various Lalg(g, .) into J
q
ǫ(g), where ǫ = 1 or −1 depending on whether the automorphisms
are of the rst or seond kind. The goal is to prove bijetivity of these mappings.
Surjetivity follows essentially from what has been done in the smooth ase. In fat,
the onstrution there yielded for eah invariant a σ ∈ Autg and an automorphism ϕ
of L(g, σ) with this invariant of the form u(t) 7→ ϕ0(u(ǫt + t0)). This ϕ also preserves
Lalg(g, σ), but in the algebrai ase we have to ensure that σ has nite order. For example
if [ϕ+, ϕ−] ∈ J
q
−1(g) then the onstrution yielded σ := ϕ
−1
− ϕ+ whih is in general not
of nite order. But (ϕ+, ϕ−) an replaed by an equivalent pair and the result follows
by showing rst the existene of a ϕ±-invariant ompat real form u of g and then by
applying the next Lemma to G := {α ∈ (Autg)ϕ
2
± | α(u) = u}.
Lemma 6.2 Let G be a ompat Lie group and g+, g− ∈ G with g
2
+ = g
2
−. Then there
exists h ∈ G0 suh that (hg−h
−1)−1 · g+ is of nite order.
But the main problem is the injetivity of Iqǫ . Here our elementary methods do not sue.
To solve it, we use the following basi result of Levstein.
Theorem 6.3 (Levstein [L℄, [R2℄) Let ϕˆ be an automorphism of Lˆalg(g, σ) of nite order.
Then Lˆalg(g, σ) has a Cartan subalgebra whih is invariant under ϕˆ.
Sine after a onjugation we may assume that ϕˆ leaves the standard Cartan subalgebra
invariant whih onsists of onstant loops +Cc+ Cd we onlude that the uϕ from ϕˆd =
ǫd + uϕ + νϕc is onstant and this implies ϕt = e
adtXϕ0 for some X ∈ g and ϕ0 ∈ Autg,
beause ϕ′tϕ
−1
t = −ǫ aduϕ (assuming ϕu(t) = ϕt(ǫt + t0)). In the next step we even get
rid of the eadtX -fator by a further quasionjugation. Here it is essential to allow σ to
be replaed by some σ˜ ∈ Autg. Thus we have also in the algebrai ase the result that
any automorphism of nite order is quasionjugate to one of the form ϕˆc = ǫc, ϕˆd = ǫd,
and ϕu(t) = ϕ0(u(ǫt + t0)). The proof of the injetivity of I
q
ǫ is therefore onsiderably
simplied in that we have only to onsider these very speial automorphisms. Surprisingly,
it follows nally from the hyperpolarity (s. setion 4) of the σ-ation (for automorphisms
of the rst kind) and the Hermann ation (for automorphisms of the seond kind). If
G is a ompat onneted Lie group and σ ∈ Aut G then the ation of G on itself by
g.x := gxσ(g)−1 is alled the σ ation. A maximal torus of Gσ = {g ∈ G/σg = g} meets
every orbit and always orthogonally (w.r.t. any biinvariant metri).
The same ideas also work for antilinear automorphisms of nite order and in the real ase
(F = R). Therefore the results about real forms and Cartan deompositions arry over
from the smooth to the algebrai setting without any diulties.
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